
A P P R O X I M A T E  A N G L E  F A C T O R S  F O R  

T W O - D I M E N S I O N A L  P R O B L E M S  

S.  P .  D e t k o v  a n d  A. V.  V i n o g r a d o v  UDC 536.12 

We have approximated the special  Kin(X) functions used in formulas  for radiat ion c h a r a c t e r :  
is t ics .  We have found the approximate  in termediate  functions for an i so t ropic  incident f l o w  
by means of which [2] many angle fac tors  have been expressed .  

w i. I n t r o d u c t i o n  

Two-dimensional  sys t ems  of bodies with an absorbing medium exhibit compari t ively s imple radiat ion 
cha rac t e r i s t i c s .  For  the isotropic  radiat ion of sur faces ,  Mikk has examined the angle fac tors  in a number 
of papers  [1-3]. Many of the fac tors  are  de termined  by means of the in termediate  functions M, Ni, N2, 
and $2, and these  in turn  a re  expressed  in t e r m s  of the tabulated Bes se l  functions and thei r  integrals.  The 
radiat ion cha rac t e r i s t i c s  have been genera l ized  in [4] for  the ax i symmet r ic  indicatr ix of effective surface  
radiat ion,  given by a s e r i e s  in cosines.  The formulas  have been simplif ied by using the special  Kin(X) 
functions in the place of the Besse l  functions. Moreover ,  the above-ci ted r e f e r ence  enumera tes  most fully 
the p roper t i e s  of the Kin functions. The difficult ies a re  now reduced to the calculations of the Kin func- 
t ions.  Tables  of these functions a re  not readi ly  access ib le  and they a re  l imited.  

To use an e lec t ron ic  digital computer ,  par t icu lar ly  machines of the P romin  and Nairi  types,  the func- 
tions must be approximated by simple formulas .  Here  we offer approximate Kin functions whose de r iva -  
t ives  a re  in termediate  functions, and we give important  examples  of the approximation of angle factors .  

w 2.  A p p r o x i m a t e  K i n ( x )  F u n c t i o n s  

The original formulas  are  taken in two var iants :  

I n--I 

Kin (x) = i/- 1 - -  ~--"""-r- exp - -  dl~, 
0 

I n - - 2  

Ki,, (x) = (1 - -  B ~) exp d~. 
o VV- v 

(1) 

The integrals  are  rep laced  by quadra ture  formulas  

Kia(x) ~.~ ~ a  t exp (--b,x). (2) 
m 

As the f i r s t  approximation the coefficients  ai and b i a re  de termined  f rom the weights and nodes of the Gauss 
quadra ture .  As a ru le ,  the coefficients a i a re  then increased  and simultaneously rounded off to satisfy the 
equation 

Z as = Kin (0) = V ' ~  r (n/2) /2r  [(n + 1)/21. 
ttt 
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T A B L E  1. Coe f f i c i en t s  of the  
B i n o m i a l  F u n c t i o n s  Kin(X) and 
T h e i r  M a x i m u m  E r r o r s  in the  

I n t e r v a l  0 -< x -< 3 

n a t 

0.65 
0,1354 
0,08667 
0,58 
0,089 
0,5 

bi 6 % (x) 

,08 0,34 (1) 
,I2 
,9 0,13 (I) 
,068 --0,08 (3) 
,59 0,12 (I ,5) 
,048 

Then ,  by c o m p a r i s o n  wi th  e x a c t  t a b l e s  c o m p i l e d  fo r  the  i n t e r v a l  0 
-< x -< 3 [5] we c o r r e c t  the  c o e f f i c i e n t s  h i ,  mak ing  use  of the  fac t  tha t  
they  can  be  r o u n d e d  off. We c h o s e  b e t w e e n  f o r m u l a  (2) and the  o r i g -  
inal  f o r m u l a  (1), s e l e c t i n g  the one which  e x h i b i t s  the  s m a l l e r  e r r o r .  
T a b l e s  1 and 2 show the  c o e f f i c i e n t s  of (2) and  the  m a x i m u m  e r r o r s  
in the  i n t e r v a l  0 -< x -< 3. The  t r i n o m i a l  f o r m u l a s  fo r  n = 3 -5  have  
b e e n  d e r i v e d  f r o m  q u a d r i n o m i a l  f o r m u l a s ,  c o m p i l e d  on the b a s i s  of 
the  s a m e  q u a d r a t u r e .  One of the  four  t e r m s  is  d r o p p e d ,  wi th  the  r e -  
m a i n i n g  c o e f f i c i e n t s  a d j u s t e d  to f i t .  T h i s  me thod  a c h i e v e s  m i n i m u m  
e r r o r ,  and  i t s  e f f e c t i v e n e s s  i n c r e a s e s  in p r o p o r t i o n  to the  i n c r e a s e  in 
n. F o r  l a r g e r  o r d e r s  of  n the  t r i n o m i a l  f o r m u l a s  should  be d e r i v e d  
f r o m  p e n t a n o m i a l  f o r m u l a s .  The  s m a l l e r  the  t e r m s  tha t  a r e  d r o p p e d ,  

the  e a s i e r  the  a d j u s t m e n t .  

T A B L E  2. Coe f f i c i en t s  of  the  
T r i n o m i a l  F u n c t i o n s  Kin(x) and 
T h e i r  M a x i m u m  E r r o r s  in  t he  
I n t e r v a l  0 -< x -< 3 

n at bl 6 % (x)  

--0,8 (I) 0,28 
0,6 
0,6908 
0,05 
0,32 
0,63 

0,0354 
0,25 
0,5 
0,0167 
0.17 
0,48 
0,0050~ 
0,124 
0,46 
0,2708 
0,2499 
0,0126 

8,9 
1,88 
1,06 
6 
1,75 
1,06 

3.5 
1,42 
1,04 
3 
t,4 
1,039 
3 
1,4 

1,038 
1,007 
1,155 
2,168 

--0,02 
0,04 

--0,15 
0,24 
0,05 

�9 --0,26 
0,16 
0,02 

--0,04 
--0,04 
--0,06 

0,09 

-o,16 (t ,5) 

w 3 .  A p p r o x i m a t i o n  o f  t h e  I n t e r m e d i a t e  F u n c t i o n s  

The  i n t e r m e d i a t e  func t ions  fo r  the  c a l c u l a t i o n  of the  ang le  f a c -  
t o r s  in the  c a s e  of i s o t r o p i c  r a d i a t i o n  of a s u r f a c e  have  the  f o r m  

4 Ki 3 (x), " M (x) = - -  
2~ 

Ni (x) = 4 [Kit (x) - -  Ki3 (x)l, 

N 2 (x) = 4__ [Ki2 (x) - -  Ki~ (x)], 

(0,I) 
(0,3) 
(0,7) Sl (x) ~ 2Es (x) = S exp ( - -  xt) t-Sdt, 
(2) o 

(I ,5) S~ (x) = Ki s (xt) tdt 
(3) P I - -  t ~ 
(0,I) o 
(o,3) 
(2) Al l  of t h e s e  func t ions  a r e  a l s o  p r e s e n t e d  in the  f o r m  
(o,5) 
(3) 

a t exp ( - -  btx ). 
m 

F o r  M, N1, and N 2 the  c o e f f i c i e n t s  a i  and bi a r e  d e t e r m i n e d ,  in f i r s t  
a p p r o x i m a t i o n ,  f r o m  the c o e f f i c i e n t s  of the  func t ions  Kin(x) .  The  a d -  

j u s t m e n t  w a s  s u b s e q u e n t l y  c a r r i e d  out by  c o m p a r i n g  the r e s u l t s  a g a i n s t  the  t a b u l a t e d  m a t e r i a l  [3]. Ln a 
n u m b e r  of i n s t a n c e s  the  t a b l e s  w e r e  qu i te  d e t a i l e d .  The c o e f f i c i e n t s  E3(x ) in f i r s t  a p p r o x i m a t i o n  a r e  t a k e n  
f r o m  the  G a u s s  q u a d r a t u r e .  The  c a l c u l a t i o n s  for  the  func t ion  S 2 p r o v e d  to b e  m o s t  d i f f i cu l t .  F o r  t h i s  func -  
t ion ,  the  f i r s t - a p p r o x i m a t i o n  c o e f f i c i e n t s  w e r e  a l s o  t a k e n  f r o m  the  Gauss  q u a d r a t u r e  wi th  m = 4. The  in -  
t e g r a n d  Ki 3 h a s  b e e n  r e p l a c e d  by  a b i n o m i a l  f o r m u l a .  The  r e s u l t i n g  s u m  of e igh t  t e r m s  has  b e e n  r e d u c e d  
b y h a l f .  T h e  r e s u l t s  a r e  g i v e n  in T a b l e  3. H e r e  we a l s o  f ind the  i n t e r v a l  wi th  the  e r r o r  b e i n g  i n v e s t i g a t e d .  
Beyond the  l i m i t s  of t h i s  i n t e r v a l ,  for  the  func t ions  M and N 2 the  l a s t  s i g n i f i c a n t  f i g u r e  i s  c o n f i r m e d  in the  
t a b l e  [3]. The  v a l u e s  of  the  q u a d r i n o m i a l  func t ion  S 2 fo r  x > 6 a r e  m a r k e d l y  u n d e r e s t i m a t e d .  

F o r  a r g u m e n t s  x -< 1, 2 i t  i s  b e s t  to  p r e s e n t  the  Ki  n func t ions  in the  f o r m  of a s e r i e s .  It was  d e m o n -  
s t r a t e d  e a r l i e r  [4] tha t  the  e r r o r  in th i s  c a s e  a m o u n t s  to t e n t h s  of a p e r c e n t .  On the  b a s i s  of the Ki:~ f u n c -  
t i o n s ,  fo r  0 -< x -< 1, 3, we have  ob t a ined  

N~ (x) = 4 - - x  + l x a  + 4_ [0,30793 x~ __ 0.055141 x 4 - -  O.O014Mx ~ - - x  2 Inx (0.5 - -  0.022 x~)], 
3n 3 n 

Each  of t h e s e  f o r m u l a s  g i v e s  a d e v i a t i o n  of l e s s  than  one in the  fou r th  s i gn i f i c an t  f i g u r e .  

(3) 
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T A B L E  3. Coeff ic ients  of  the F o r m u l a s  Approx ima t ing  the I n t e r -  
media te  Funct ions  

Function a i bi Max. error % (.4) Test interval 

M (x) 

N2 (x) 

N~ (x) 

S, (x) 

S, (x) 

0,046 
0,317 
0,637 
0,0144 
0,127 
0,21 
0,073 
0,36 
0,53 
O,II 
0,2 
0,8 

0,035 
0,235 
0,56 
0,17 

3,4 
1,42 
1,04 

15 
3,07 
1,5 
1,077 
8,5 
1,9 
1,08 
2 
0,75 

0,206 
0,51 
1,04 
1,57 

--0,22 (I ,5) 
0,66 (5) 

-0 ,3  (0,3) 
0,17 (l) 

-0,53 (1,5) 

--1,2 (o,1) 
2 (0,3) 

--I ,3 (0,7) 
o,o5 (0,3) 

--0,22 (1) 
1,9 (2) 

--0,22 (0,2) 
0,44 (I ,3) 

- i  ,36 (4,5) 
2,3 (6) 

O~x~5 

O~x~l,5 

O<x<2 

o<x<5 

w  T h e  M o s t  I m p o r t a n t  E x a m p l e s  o f  C a l c u l a t i n g  

A n g l e  F a c t o r s  

a) The funct ions  S~(x) and 2E3(x ) have the sense  of  loca l  and a v e r a g e  angle  f a c t o r s  fo r  a c i r c u l a r  c y l i n -  
d e r  and infinite p a r a l l e l  s u r f a c e s .  M(x) is the loca l  h e m i s p h e r i c a l  angle f a c t o r  fo r  a c i r c u l a r  cy l inder  and 
a point  at  the cen te r .  

b) The a v e r a g e  angle  f ac to r  fo r  the p a r a l l e l  f aces  of  the b e a m  is ca lcu la ted  [2] f r o m  the a p p r o x i m a -  
t ion  f o r m u l a  

% [%2E3 (an) + hM (uh)l, ~ AB -~- 

where cp 0 =- q~AB when u = 0; q~0 = ~i + h 2- h; u = k~; h = H/&; A is the width of the sides; H is the distance 

between the sides, k is the attenuation factor. Since the formula yields an underestimated result, we have 

used a slightly overstated function E3(x ) in the interval [0, 2], and namely, we assumed thatb i = 8, b 3 = 1.123 (in the 

place of 8.6 andl.125). The results are compared with the table for (PAB, compiled from the exact formula 

in [6]. For the region of variation in the arguments 0.05 -< u - 2, 0.2 <- h -< I0 the formula yields under- 

stated results. The maximum error is 2.6% for u = I, h = 0.5. For most numbers it amounts to tenths of a 

percent. The error beyond the field of the table as u -- 0 and h --0 must approach zero. This is remark- 

able because in the integral for which the table was compiled [6], as h -~ 0, there is a singularity which 

markedly reduces the reliability of the result. The singularity does not yet show up in the field of the table. 

We have noted a typographical error in the compilation of the table. For h = 3.5 and u = 1.5, ~OAB = 0.000271 

instead of 0.0005. 

e) For the average angle factor for the perpendicular sides of the bar Mikk found the exact formula 

~AC = V2. ~ 2  g .  ( .  11/ i -~ ,  h~) - -  N2 (") - -  N2 (.h) 

Calcula t ions  on the bas i s  of this  f o r m u l a ,  us ing our  app rox ima te  funct ions N2, w e r e  c o m p a r e d  with the 
table  of [6], de r ived  by n u m e r i c a l  in tegra t ion .  If the funct ion N2(x ) is t aken  in the f o r m  E a i e x p  (-bix)  with 

4 
the coef f ic ien t s  f r o m  Tab le  3,  ove r  the  en t i r e  f ield of  the  tabIe  f r o m  [6] ( 0 . 0 0 5 -  u -< 2, 0.2 -~ h -< 10 the e r -  
r o r  does not exceed  1 .67%(u  = 0.05, h = 0.8). In the ove rwhe lming  ma jo r i t y  of eases  ( roughly,  when uh 
> 0.15) it is l e s s  than 0.5%. The use of f o r m u l a s  for  N2(x ) f r o m  (3) y ie lds  good r e su l t s ,  but in a l imi ted  
in te rva l  of a r g u m e n t  ( r o u g h l y ,  when uh < 1-1 ,  2). Even h e r e ,  the in tegra l  fo r  which the table  in [6] has  
been  compi led  exhibi ts  a s ingu la r i ty  as  h ~ 0, w h e r e a s  both of the approx ima te  f o r m u l a s  y ie ld  a gua ran teed  
r e su l t .  

d) The loca l  and a v e r a g e  angle f a c t o r s  for  the two coaxia l  cy l inde r s  a r e  ca lcu la ted  [2] f r o m  the ap -  
p r o x i m a t e  f o r m u l a  
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(PrR -- 1 {(p _ I) M [(p --  l)rl § 2E3 [(p --  I) rl}, 
P 

where p = R/r; r and R are the minor and major radii, multiplied by the attentuation factor. Data with 
respect to the exact formula of [7] have been published for 1.05 -~ p -< 3 and 0.1 -< r -< 5. Comparison shows 
that on the whole, as p and r are increased, the error  increases from hundredths to tenths of a percent. 
Roughly, the inequality rp -< 4 limits the region with an error of -<2%. 

In conclusion, we note that in 1) all of the calculations have been performed on the Promin computer, 
which functions with five digits and a floating decimal point (in a number of cases, there was noticeable 
round-off error); 2) the cited method of approximate calculation can be used for numerous other coefficients, 
including the coefficients for surfaces with nonisotropic axisymmetric radiation; 3) the error (5 o in the ap- 
proximate formulas of Mikk, as a rule, was considerably lower than 3%. But is has been determined for 
the transmission capacity. We have everywhere indicated the error  in 6 for the values of the functions. 
For angle factors 5 = 6o~o/~, where go 0 is the coefficient for k = 0. When 60 = 1-2% the quantity 5 may 
amount to tenths of a percent. 

Kin(X) 
M, N1, N2, and S 2 
E3(X) 
a t and bi 
F 
(p and q~o 
u = kA; 
h = H/A; 
A and H 
k 
r a n d R  
p = R / r .  

N O T A T I O N  

denotes the specia l  functions (1); 
a re  in te rmedia te  functions,  introduced in [1, 2]; 
is the integral  exponential  function of third order ;  
a re  the coeff ic ients  of the approximat ion  polynomial;  
is the g a m m a  function; 
a re  the angle fac to r s  for a sys t em with an absorb ing  and a t r a n s p a r e n t  medium; 

a r e  the width and the height of the beam; 
is the at tenuation fac tor ,  m-l ;  
a re  the radi i ,  mult ipl ied by the at tenuation factor ;  

S u b s c r i p t s  a n d  S u p e r s c r i p t s  

AB denotes the coeff icients  for the pa ra l l e l  faces  of the beam; 
AC denotes  the coeff icients  for the perpendicu la r  faces  of the beam.  

I. 

2. 
3. 
4. 
5. 

7. 
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